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Analysis of Single and Coupled Rectangular
Dielectric Waveguides

ULRICH CROMBACH

Abstract—Single and coupled rectangular dielectric waveguides are
analyzed by means of the mode-matching technique. Dispersion character-
istics are given for dominant modes of the inverted stripline and rib
waveguides. The propagation constant for E;;-mode of the inverted strip
line is found to become less than the lowest limit for guidance above a
certain frequency. Influence of frequency and dielectric constant of the rib
on the normalized coupling length of two coupled rib waveguides is
investigated.

I. INTRODUCTION

CLASS of waveguides, some of which are shown in

Fig. 1, using rectangular dielectric core embedded in
one or more layered dielectrics is of increasing interest for
millimeter wave or optical integration applications. A num-
ber of theoretical studies of their waveguiding properties
have been presented in the literature, most of which are
based on some effective dielectric constant approximations
[1]-[14]. Schlosser et al. [15] and Mittra er al. [16] were the
first to use accurate mode-matching technique for the
analysis. Their numerical results agree well with experi-
mental data but their analysis is restricted to the single or
coupled image line or to uncoupled rectangular dielectric
waveguides, respectively.

In this paper a method used in [17] and [18] for the
analysis of microstrip structures by means of mode-
matching, is applied to the investigation of single and
coupled rectangular dielectric waveguides. The method is
applicable to most of the recently proposed dielectric wave-
guide components such as insulated rectangular image line,
inverted stripline or rib waveguide, etc., and allows the
investigation of coupling effects between rectangular di-
electric waveguides of different cross section. A later publi-
cation will show that it is also applicable to the analysis of
dielectric ring and disk resonators. The method is exact
apart from numerical evaluation where the infinite series
have to be approximated. Hence the accuracy of numerical
results is limited due to the available storage and computa-
tion time.

Since the method is shown in [17], [18] only the main
steps of the analysis are described here. Then normalized
propagation constant versus normalized free-space wave-
number diagrams are presented for the lowest order modes
of inverted strip waveguide, where the dominant mode is
either the so called Efj-mode or the E},-mode. For the
latter it is pointed out, that the propagation constant
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Fig. 1. Cross section of rectangular dielectric waveguides. (a) Inverted
stripline. (b) Insulated rectangular image guide. (¢) Rib waveguide

becomes less than the lowest limit for guidance given by
theory above a certain value of free-space wavenumber as
indicated by [19], [20]. In this case, a closed waveguide
model then gives good results for propagation constants of
the mode.

Finally dispersion characteristics and normalized cou-
pling length versus normalized free-space wavenumber are
presented for the E{|-mode on two coupled rib waveguides
backed by a metallic plate, which may be of interest for
practical design of integrated waveguide components.

II. METHOD OF ANALYSIS

General geometry of the analyzed structure, which is
independent of x5, is shown in Fig. 2. It is subdivided in
partial areas of types I and II which may be considered as
parts of parallel-plate lines with layered dielectric homoge-
neous in x,-direction. In these areas electromagnetic fields
are expanded in infinite series of all eigenmodes of one
x5-dependence. These are derived from two independent
types of vector potentials:

I‘Tfn :Agm' Ui(x5) @r(x))-f(x5) e
ZZ :Agn'lrf'(xl)'(D:(xl)'fh(x?:)zl' (1)
The ®7" are the eigenfunctions of TM- and TE- modes of
the parallel-plate line with layered dielectric [17]. U, I, and
f are the related solutions of the separated scalar-wave

equation. Using Maxwell’s equations, the field components
tangential to the area of transitions I-II are then given by
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Flg. 2. General geometry of the analyzed structure.

where
If=—4¢ .‘%
= dx,
, al, h
h = —
Un 0 de

K2=k2—k;:wz,u(x,)e(xl)-—kf] (3)

Let a given waveguide structure consist of N, areas
alternate of types I and II and numbered from 1 to N,.
Then by means of the coupling and transfer matrices the
continuity conditions are described by a homogeneous
linear system of equations for U and I, (p=1---N,) in
the middle of the inner areas ( p#l N, ) and at the inter-
faces x, =x, (p=1) and x, =x, (p=N,) in the following

e s, —VC, -—VS,
VIR, v'D, —-R, -D,
VG, VS, -G,
VCy,—
RNA-I

(k,, is transversal wavenumber in one layer of parallel-plate
line, £,, k4 are metric coefficients of coordinates x,, x5).

Now the continuity conditions at the area transitions are
satisfied by means of a contradirectional orthogonal ex-
pansion [22]. This leads to a coupling matrix ¥ for the
amplitudes U " and 12" left and right of the area transi-
tions, summanzed to vectors U and I'in areas I and I, as
follows:

e 11 e |11 R
o[- Ag]e

1“—[”] —VT[Ie} VT, (4)
It I

The upper “T ” indicates the transposed matrix. In addi-
tion transfer diagonal matrices C, S, R, and D, which
describe the relation between U and I at two coordinates
x, =x, and x, =x, within one area, are defined by

7 W

manner:
.| G
0 0 i
1
s, -,
—v'p, o |7l
. I
VSy,—1 —Cy, —Sy, K
Dy, ~VRy, -V, ||
. INA -

Boundary condmons at the margins x, =x; and x, =
—E 0 H =0 or “open” —are 1ntroduced by stnkmg out
(U 6 I= 0) Or summarizing (U zr ) the columns related
to Ul,I or UN ,I In the “open” case the screen at
x;=0, b and the dieléctric substrate are supposed to extend
to infinity in x, direction and exponential field decay is
assumed in the outer areas. If M! TM- and N TE-modes
are considered in area I and MY and N" in II a quadratic
system with (M!+NT+MT+NT). (N, —1) equations re-
sults, of which the zeros of the determinant lead to the
unknown propagation constants and field amplitudes for
the different waveguide modes. By use of symmetry in
x,-direction the number of equations can be reduced by
inserting perfect magnetic or perfect electric conducting
walls into the symmetry plane.

111

Consider a homogeneous waveguide in coordinates x, =
Y, X, =x,x3;=z. The height b of the upper screen was
chosen to be three times the waveguide height d+4 to
minimize its influence on the waveguiding properties. The

NUMERICAL RESULTS
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Fig. 3. Normalized propagation constant 8/k (solid lines) of EY;- and

Efi-modes of inverted stripline and normalized separation parameter
K/ky (3) of dominant TE-eigenmode (dashed) and TM-eigenmode
(dash-dotted) in the outer subarea I. d=h=0.167 b, w=0.42 b, a, =a,
= co. Number of eigenmodes: 12 TM, 11 TEin I and II. (a) ¢; =¢, =3.8
€g. (b) €,=38 €y, €,=2.1 ¢y. (a,=a, =50 W for B/k, below the
dashed line, the lateral margin of the waveguide is then a perfect
electric conductor.)

number of TE- and TM-eigenmodes necessary for satisfy-
ing the continuity conditions at the area of transitions and,
therefore, the computation time increases with increasing
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TABLEI
NORMALIZED PROPAGATION CONSTANT B/kq (ko =27 /Ay,
FREE-SPACE WAVENUMBER) OF E},-MODE AND COMPUTATION
TiME ¢t FOR CALCULATION OF THE DETERMINANT (6); d=h=0.167
b; w=042b; a,=a,=00; hky=1.0; ¢, =€, =3.8 ¢,.

Number of TM/TE~eigenmodes in areaJand IT

170 | 2 473 | 875 |10/9  |22/21
B/k, 1.6560(1.6350(1.6286(1.6318|1.6320]1.6326
t [ms]) 6 11 23 37 66 215

ratio b/(h+d). The preceding consideration seemed to be
a good compromise in the investigated frequency range.
For propagation constants near cutoff, it is not sufficient.
Computation time for evaluating the determinant (6) and
normalized propagation constant S8/k, of Ej;-mode on
inverted strip guide for various numbers of eigenmodes are
given in Table 1. Fig. 3(a) and (b) show the normalized
propagation constant 8 /k versus the normalized free-space
wavenumber Ak, for the dominant E},- and Ej-modes of
two inverted-strip waveguides with different dielectric con-
stant €, of the strip. For exponential field decay in x-
direction in the outer subarea I the normalized propagation
constant must solve the unequality

B3> K /3

K .« is the separation parameter of the dominant eigen-
mode in the outer area (3).

For the waveguide in Fig. 3(a) with ¢, =¢, the E{;-mode
is dominant in the whole frequency range. The normalized
propagation constant for both the E}j- and Ejj-modes
exceeds the normalized separation constant K**/k, of the
dominant TE- and TM-eigenmodes in the outer waveguide
area 1. For ¢, <<¢, (Fig. 3(b)) a crossover occurs for the
plots of propagation constants of E},- and E{|-modes. The
propagation constant of E;-mode becomes less than the
separation parameter of dominant TE-eigenmode above
hky=0.8. Thus representation of E{|-mode in terms of
eigenmodes of a parallel-plate line, which is infinite in
x-direction, is no longer valid. At least one TE-eigenmode
would be included with nonvanishing fields for x— 0.
Propagation constants of the mode in this part of the
frequency range have, therefore, been calculated using a
closed waveguide model with perfect electric conducting
walls at the lateral margins five times the strip width away
from strip center. Field investigations showed that this
should be a valid approximation for the open waveguide
because field strength at the lateral screen is negligibly
small.

In addition the influence of TE-eigenmodes on the prop-
agation constants of E{}-mode is shown in Table II. The
table gives various values if only TM-eigenmodes are con-
sidered in field representation against the values calculated
with the complete set of eigenmodes. As to be seen from
the table the deviation is small and vanishes with increas-
ing frequency. This may explain why excellent agreement
within the accuracy of drawing has been found for sk, >0.9
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Fig. 4. Normalized propagation constant 8/k, of E, |, -ode (dash—dotted line) and Ef, oogmode
(dashed) of two coupled rib waveguides and normalized propagation constant of Ej;-mode (solid) of
single rib waveguide (s> 00). d=h=0.167 b, w=0.333 b, s=0.167 b. Number of modes: 12 TM, 11 TE

inIand IL (a) ¢, =2.56 €. (b) €, =3.8 €,. (¢) €, =9.6 ¢,.

for the waveguide in Fig. 3(b) between the results of this
theory and the effective dielectric constant approach [10]
(various values given in Table II). The latter ignores the
presence of higher order TM- and of TE-eigenmodes.

Figs. 4(a)-(c) present the dispersion characteristics for
E{,-mode on single and coupled rib waveguide backed by a
metallic plate versus the normalized free-space wavenum-
ber hk, for three values of dielectric constant €; of the rib.
The propagation constants of both the EY; - and Ef; -
mode of the coupled waveguide increase quickly near cutoff
and approach the propagation constant of uncoupled Ey;-
mode. A comparison between the Figs. 4(a)—(c) shows that
the deviation is smaller for higher ¢,. With increasing
frequency or dielectric constant ¢, the coupling between
the two waveguides decreases as to be seen from Fig. 5. It
shows the dependence on normalized free-space wavenum-
ber hk, of normalized coupling length L/h=m/(h(Beyen —
B.,4q)) needed for total power exchange between the two

TABLEII
NORMALIZED PROPAGATION CONSTANT /k, of Ej; =MODE OF
INVERTED STRIPLINE IN F1G. 3.

hkO

0.833 1.667 2.50 3.333

TM/TE- 1.4959 | 1.6687 | 1.7725
modes
in

I and II

12/1141.2442

12/011.2474 |1.4974 | 1.6686 | 1.7722

Eff. e Method [|1.2499 [1.4987 | 1.6721 § 1.7729

@ko
waveguides. The higher the normalized wavenumber or the
dielectric constant of the waveguide the higher is the
coupling length.

Numerical calculations have been carried out in Fortran
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Fig. 5. Normalized coupling length L/h=m/(h{(Beyen — Boaa)) Of the rib
waveguides in Fig. 4. (a) €, =2.56 ¢;. (b) €, =3.8 ¢;. (¢) €, =9.6 ¢,

on a IBM 370/168 computer at the “Hochschulrechen-

zentrum der Technischen Hochschule Darmstadt”, Darm-

stadt, Germany.

IV. CoNcLUSION

A method is described which is applicable to the investi-
gation of the influence of material constants and wave-
guide dimensions on the propagation constants and fields
of waves on most of the commonly used single or coupled
rectangular dielectric waveguides.

Numerical data has been presented for rib waveguide
and inverted strip waveguide. For the latter special atten-
tion has been given to the restriction of guidance for a
certain value of dielectric constant.
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